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Suppose V is a completely reducible faithful G-module for a
solvable group G , we show G has a “large” orbit on V . Speciﬁcally,
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subgroup of G . This is in some ways best possible. This is applied
to generate many theorems showing that a solvable group must
have characters of large degree.
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1. Introduction
By Gaschütz Theorem, the orbit structure of solvable linear groups is a useful tool to study the
structure of solvable groups. Many orbit theorems have been proved in the literature. In 2004, Moretó
and Wolf proved one such orbit theorem [5]. By applying this theorem they obtain a number of
results on several conjectures on class sizes, character degrees and zeros of characters. In particular,
they prove that solvable groups have “large” character degrees and conjugacy classes. In this paper
we prove a strengthened version of their orbit theorem. The corollaries which follow from it are also
improved.
Suppose V is a faithful completely reducible G-module where G is a ﬁnite solvable group. In [5],
Moretó and Wolf consider the centralizers of G on V and they prove that there exists v ∈ V such
that CG(v) ⊆ F9(G). Here we denote by Fn(G) the nth ascending Fitting subgroup of G . This result
has many applications. For example, it implies that there exists μ ∈ Irr(F10(G)) such that μG = χ ∈
Irr(G) and in particular, |G : F10(G)| divides χ(1) for some irreducible character χ of G . In this paper
we strengthen their orbit theorem. We prove that there exist v ∈ V and K  G such that CG(v) ⊆
K , ﬂ(K )  7 and dl(K )  9. Here ﬂ(G) denotes the Fitting height of a group G and dl(G) denotes
the derived length of a group G . This implies that there exists v ∈ V such that CG(v) ⊆ F7(G) and
dl(〈CG (v)G 〉)  9. Also it implies that there exists μ ∈ Irr(F8(G)) such that μG = χ ∈ Irr(G) and in
particular, |G : F8(G)| divides χ(1) for some irreducible character χ of G . Recall that g ∈ G is called
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non-vanishing elements are in F(G). The previous result shows that all the non-vanishing elements
are in F8(G). Other applications are listed at the end of this paper.
2. Notation and lemmas
Notation:
(1) We use F(G) to denote the Fitting subgroup of G . ﬂ(G) means the Fitting height of a group G
and dl(G) means the derived length of a group G .
(2) Let F1(G)  F2(G)  · · ·  Fn(G) = G denote the ascending Fitting series, i.e. F1(G) = F(G) and
Fi+1(G)/Fi(G) = F(G/Fi(G)). Fi(G) is the ith ascending Fitting subgroup of G , we also call
G/Fn−1(G) the top Fitting factor of G and F1(G) = F(G) the bottom Fitting factor of G .
(3) r(G) means the number of orbits of G on V when G is a linear group on V .
(4) Let V be a Galois ﬁeld GF(qn) for a prime power q. Deﬁne semi-linear group to be
Γ
(
qn
)= {x → axσ ∣∣ a ∈ GF(qn)#, σ ∈ Gal(GF(qn)/GF(q))}.
(5) We use H 
 S to denote the wreath product of H with S where H is a linear group and S is a
permutation group.
Here are some useful lemmas.
Lemma 2.1. If S is a solvable primitive permutation group onΩ , then S has a uniqueminimal normal subgroup
M with |M| = |Ω| = qn for a prime q, S = MSα where α ∈ Ω , and M is a faithful irreducible Sα-module of
order qn. In particular, dl(S) = 1+ dl(Sα) and ﬂ(S) = 1+ ﬂ(Sα).
Proof. This is a well-known result. 
Lemma2.2. Let H be a ﬁnite solvable group and S a ﬁnite solvable permutation group. Thenwe have ﬂ(H 
 S)
ﬂ(H)+ﬂ(S). If H has a p-group as the top Fitting factor and S has a p-group as the bottom Fitting factor, then
ﬂ(H 
 S) = ﬂ(S) + ﬂ(H) − 1. We also have that dl(H 
 S) dl(H) + dl(S).
Proof. This is a well-known result. 
Lemma 2.3. Suppose V is a faithful quasi-primitive G-module for a solvable group G where |V | = qn. Here q
is the order of the base ﬁeld and n = dim(V ). Then G has normal subgroups U ⊆ T ⊆ F ⊆ A ⊆ G such that,
(1) F = F(G) is a central product F = ET with E, T  G. E is a direct product of extraspecial groups with
|E/Z | = e2 where Z = E ∩ T = Z(E) = Soc(Z(F )) and also dl(F ) 2;
(2) F/T is a direct sum of irreducible G/F -modules W1, . . . ,Ws;
(3) |Wi | = e2i for prime power ei , e = e1 . . . es divides n and gcd(q, e) = 1;
(4) A = CG(Z) and A/F acts faithfully on F/T ;
(5) A/CA(Ei/Z) ⊆ Sp(2ni, pi) where ei = pnii ;
(6) G/A is abelian since G/A ⊆ Aut(Z) and even G = A when e = n;
(7) |T : U | 2, U is cyclic and acts ﬁxed point freely on W where W is an irreducible submodule of VU ;
(8) if e = 1, then G ⊆ Γ (qn) and ﬂ(G) 2 and dl(G) 2.
Proof. This follows from Corollaries 1.10 and 2.6 of [4]. 
Lemma 2.4. Suppose that G is a solvable irreducible subgroup of GL(n,q) for a prime power q.
(1) If n is a prime, then ﬂ(G) 4 and dl(G) 6. If also n = q, then ﬂ(G) 3 and dl(G) 3.
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(3) If n = 2s for an odd prime s, then ﬂ(G) 5.
(4) If n = 2, then ﬂ(G) 3 and dl(G) 4.
(5) If n = 4, then ﬂ(G) 4 and dl(G) 5. If also q = 2, then ﬂ(G) 3 and dl(G) 3.
(6) If n = 6, q = 2, then ﬂ(G) 4 and dl(G) 6. Also |G| 64 .
(7) If n = 6, q = 3, then dl(G) 6. If also G acts primitively, then ﬂ(G) 4.
(8) If n = 8, q = 2, then ﬂ(G) 5 and dl(G) 5.
(9) If n = 8, q = 3, then ﬂ(G) 5. If also G ⊆ Sp(8,3), then either dl(G) 6 or |G| 245 .
(10) If n = 10, q = 2, then dl(G) 6.
(11) If n = 12, q = 2, then ﬂ(G) 5 and dl(G) 7.
Proof. Let V be an irreducible G-module with |V | = qn . We use a pair (n,q) to represent the different
cases. (1), (2) and (4) are consequences of Theorems 2.12, 2.13, 2.11 of [4] and (3) is proved in Lem-
ma 4.4 of [5].
Let (n,q) = (4,2), ﬂ(G) 3 and dl(G) 3 by Corollary 2.15 of [4].
Let (n,q) = (6,2), by Corollary 2.15 of [4], G is a subgroup of Γ (23) 
 Z2, S3 
 S3, Γ (26) or G has
an extra-special F(G) of order 33 and F(G)/Z(F(G)) is a faithful irreducible G/F(G)-module. If G is a
subgroup of Γ (23) 
 Z2, S3 
 S3 or Γ (26), then ﬂ(G) 4 and dl(G) 4. In the remain case, G/F(G) is
a subgroup of GL(2,3), by (3) ﬂ(G/F(G)) 3 and dl(G/F(G)) 4, thus ﬂ(G) 4 and dl(G) 6. Since
all of these groups have order less than or equal to 64, |G| 64. Hence (6) holds.
Suppose V is a faithful primitive G-module for the solvable group G , we can apply Lemma 2.3 and
use the notation in it. If e = 1 then ﬂ(G) 2 and dl(G) 2. Thus we may assume e > 1.
(1) Let (n,q) = (4,q). Since n = 4 and e | n, e can only be 2 or 4, Thus |Wi | = 22 or 24.
If |Wi | = 22 for some i, then dl(A/F )max(dl(G/CG (Wi))) 2 by (2) and dl(G) 2+3 = 5, also
ﬂ(A/F )max(ﬂ(G/CG (Wi))) 2 (2) and ﬂ(G) 2+ 2 = 4.
If |Wi | = 24 for some i, then e = e1 = n = 4 and G = A. dl(A/F ) dl(G/CG(W1)) 3 and dl(G)
2+ 3 = 5, also ﬂ(A/F ) ﬂ(G/CG (W1)) 3 and ﬂ(G) 1+ 3 = 4.
(2) Let (n,q) = (6,3). Since 3  ei and ei | n = 6, ei = e1 = 2 and |Wi | = |W1| = 22. Thus dl(A/F ) 
max(dl(G/CG(Wi)))  2 by (2) and dl(G)  3 + 2 = 5. Also ﬂ(A/F )max(ﬂ(G/CG(Wi)))  2 by
(2) and ﬂ(G) 2+ 2 = 4.
(3) Let (n,q) = (8,2). Since n = 8, e | n and gcd(q, e) = 1, e = 1 and this is a contradiction.
(4) Let (n,q) = (8,3). ﬂ(A/F ) ﬂ(G/CG(F/T )) max(ﬂ(G/CG(Wi))). |Wi | = 22,24,26 since ei | n =
8. If |Wi | = 26 for some i then e = e1 = n = 8, thus G = A and ﬂ(G/CG(Wi)) 4 by (6), thus we
have ﬂ(G) = ﬂ(A/F )+1 4+1 = 5. Otherwise |Wi | = 22,24, ﬂ(G/CG(Wi)) is at most 2,3 by (2),
(5) respectively and ﬂ(G) ﬂ(A/F ) + ﬂ(F ) + ﬂ(G/A) 3+ 2 = 5.
Suppose ei  4 for all i, thus ei = 2 or 4 and |Wi | = 22 or 24. dl(A/F )max(dl(G/CG (Wi))) 3
by (2), (5) respectively and dl(G) dl(F )+dl(A/F )+dl(G/A) 2+3+1 = 6. Now we can assume
ei = 8 for some i and we know that e = ei = e1 = 8 = n. G = A and T  Z(GL(V )) by Lemma 2.10
of [4], thus |T | = |U | = |Z | = 2 and |F | = 27. Now A/F is a solvable irreducible subgroup of
GL(6,2) and thus |A/F | 64 by (6). So we have |G| = |F ||A/F ||G/A| 27 · 64  245.
(5) Let (n,q) = (10,2). Since q = 2 and gcd(q, e) = 1, we have 2  ei , thus ei can only be 5 since
ei | n = 10 and there is only one ei , this tells us that e = ei = e1. Now |W1| = 52, A/F is a faithful
solvable completely reducible subgroup of GL(2,5) and A/F ⊆ Sp(2,5), thus dl(A/F )  3 and
dl(G) 3+ dl(A/F ) 6.
(6) Let (n,q) = (12,2). Since q = 2 and gcd(q, e) = 1, we have 2  ei , thus ei can only be 3 since
ei | n = 12 and there is only one ei , this tells us that e = ei = e1. Now |Wi | = 32, ﬂ(A/F ) 
ﬂ(G/CG (F/T ))  max(ﬂ(G/CG (Wi)))  3 by applying (4), thus ﬂ(G)  2 + ﬂ(A/F ) = 5. Also
dl(A/F ) = dl(A/CA(Ei/Z)) dl(Sp(2,3)) 3, thus dl(G) 3+ dl(A/F ) 6.
Now we can assume V is not primitive, thus G is isomorphic to a subgroup of H 
 S . Here S is
a primitive permutation group of degree m for an integer m > 1 with mt = n and H is a solvable
irreducible subgroup of GL(t,q). By Lemma 2.1, m is a prime power.
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the following groups,
(a) H 
 S2, where H is a solvable irreducible subgroup of GL(2,q). dl(H) 4 and ﬂ(H) 3 by (4).
Thus dl(G) dl(H 
 S2) dl(H) + dl(S2) 4 + 1 = 5 and ﬂ(G) ﬂ(H 
 S2) ﬂ(H) + ﬂ(S2)
3+ 1 = 4.
(b) H 
 S4, where H is a solvable irreducible subgroup of GL(1,q), dl(S4) = 3 and dl(H) = 1,
ﬂ(H) = 1. Thus dl(G)  dl(H 
 S4)  dl(H) + dl(S4)  4 and ﬂ(G)  ﬂ(H 
 S4)  ﬂ(H) +
ﬂ(S4) 4.
(2) Let (n,q) = (6,3). Since n = 6, m can be 2 or 3 and G will be isomorphic to a subgroup of one of
the following groups,
(a) H 
 S2 where H is a solvable irreducible subgroup of GL(3,3), thus by (1) dl(H 
 S2) dl(H)+
dl(S2) 3+ 1 = 4.
(b) H 
 S3 where H is a solvable irreducible subgroup of GL(2,3), thus by (4) dl(H 
 S3) dl(H)+
dl(S3) 4+ 2 = 6.
(3) Let (n,q) = (8,2). Since n = 8, m can be 2, 4 or 8 and G will be isomorphic to a subgroup of one
of the following groups,
(a) H 
 S2, where H is a solvable irreducible subgroup of GL(4,2). dl(H) 3 and ﬂ(H) 3 by (5).
Thus dl(H 
 S2) dl(H) + dl(S2) 3+ 1 = 4 and ﬂ(H 
 S2) ﬂ(H) + ﬂ(S2) 3+ 1 = 4.
(b) H 
 S4, where H is a solvable irreducible subgroup of GL(2,2), dl(S4) = 3 and by (2) dl(H) 2
and ﬂ(H) 2. Thus dl(H 
 S4) dl(H) + dl(S4) 5 and ﬂ(H 
 S4) ﬂ(H) + ﬂ(S4) 5.
(c) H 
 S , where H is a solvable irreducible subgroup of GL(1,2) and S is a primitive permutation
group with degree 8, dl(S) 3 and ﬂ(S) 3 by Lemma 2.1 and (2), thus dl(H 
 S) dl(H) +
dl(S) 0+ 3 = 3 and ﬂ(H 
 S) ﬂ(H) + ﬂ(S) 0+ 3 = 3.
(4) Let (n,q) = (8,3). Since n = 8, m can be 2, 4 or 8 and G will be isomorphic to a subgroup of one
of the following groups,
(a) H 
 S2, where H is a solvable irreducible subgroup of GL(4,3), ﬂ(H 
 S2)  ﬂ(H) + ﬂ(S2) 
4+ 1 = 5 by (5).
(b) H 
 S4, where H is a solvable irreducible subgroup of GL(2,3), ﬂ(H 
 S4)  ﬂ(H) + ﬂ(S4), by
Theorem 2.11 [2], ﬂ(H)  2 or ﬂ(H) = 3 and H has a 2-group as the top Fitting factor. Now
ﬂ(S4) = 3 and S4 has a 2-group as the bottom Fitting factor, thus ﬂ(H 
 S4) 5 in any case.
(c) H 
 S , where H is a solvable irreducible subgroup of GL(1,3) and S is a primitive permutation
group with degree 8, ﬂ(S) 3 by Lemma 2.1 and (2), thus ﬂ(H 
 S) ﬂ(H)+ﬂ(S) 1+3 = 4.
Since the Fitting length of all of these groups  5, ﬂ(G) 5.
Assume also G ⊆ Sp(8,3). Since n = 8, m can be 2, 4 or 8 and G will be isomorphic to a subgroup
of one of the following groups,
(a) A/F is a subgroup of H 
 S2 where H is a solvable irreducible subgroup of GL(4,3). dl(H) 5
by (5) and thus dl(A/F ) dl(H) + dl(S2) 6.
(b) A/F is a subgroup of GL(2,3) 
 S4 and since A/F ⊆ Sp(8,3), either A/F is a subgroup of
Sp(2,3) 
 S4 and thus |A/F |  245 or A/F has a subgroup N where N ⊆ GL(2,3) × GL(2,3)
and (A/F )/N ⊆ S4 and thus we have |A/F | 482 · 24 245.
(c) A/F is a subgroup of GL(1,3) 
 S , S is a primitive permutation group with degree 8. dl(S) 3
by Lemma 2.1 and (2). Thus dl(A/F ) 4.
(5) Let (n,q) = (10,2). Since n = 10, m can be 2 or 5 and G will be isomorphic to a subgroup of one
of the following groups,
(a) H 
 S2 where H is a solvable irreducible subgroup of GL(5,2), thus by (2) dl(H 
 S2) dl(H)+
dl(S2) 2+ 1 = 3.
(b) H 
 S where H is a solvable irreducible subgroup of GL(2,2) and S is a primitive permutation
group with degree 5, dl(S)  2 by Lemma 2.1 and thus by (2) dl(H 
 S)  dl(H) + dl(S) 
2+ 2 = 4.
(6) Let (n,q) = (12,2). Since n = 12, m can be 2, 3 or 4 and G will be isomorphic to a subgroup of
one of the following groups,
(a) H 
 S2 where H is a solvable irreducible subgroup of GL(6,2), thus by (6) ﬂ(H 
 S2) ﬂ(H) +
ﬂ(S2) 4+ 1 = 5. Also by (6) dl(H 
 S2) dl(H) + dl(S2) 6+ 1 = 7.
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 S3) ﬂ(H) +
ﬂ(S3) 3+ 2 = 5. Also by (5) dl(H 
 S3) dl(H) + dl(S3) 3+ 2 = 5.
(c) H 
 S4 where H is a solvable irreducible subgroup of GL(3,2), thus by (2) ﬂ(H 
 S4) ﬂ(H) +
ﬂ(S4) 2+ 3 = 5. Also by (2) dl(H 
 S4) dl(H) + dl(S4) 2+ 3 = 5. 
Lemma 2.5. Suppose that G is a completely reducible solvable subgroup of GL(V ) for a vector space, V = {0}.
Let r be the number of orbits of G on V , so that r > 1. If r  4 then ﬂ(G) r + 1 and dl(G) 6. If r = 2, then
dl(G) 4. Furthermore, if ﬂ(G) = 5 and r = 4 then G will have a 2-group as the top Fitting factor.
Proof. WLOG G is an irreducible subgroup of GL(n,q) for a prime power q where |V | = qn . Since
V = {0}, r > 1.
If G is a semi-linear group, then G is metacyclic and ﬂ(G)  2, dl(G)  2. Thus we assume G is
not a subgroup of a semi-linear group.
When r = 2, G acts transitively on the non-zero vectors of V . Huppert has classiﬁed all such
solvable subgroups. Either G is a subgroup of a semi-linear group or the structure of these exceptional
cases are known (for example, Theorem 6.8 of [4]) and in all these exceptional cases ﬂ(G)  3 and
dl(G) 4.
Now we assume r = 3 or r = 4.
If V is imprimitive, then G is isomorphic to a subgroup of H 
 S , assume s = r(H) and S is a
permutation group on m letters, then r(G) is at least
(m+s−1
m
)
by Lemma 2.6 of [1]. If s  3 or if
m  4, then G has at least 5 orbits on V . We thus assume s = 2 and m = 2 or 3. Since s = 2, then
ﬂ(H)  3 and dl(H)  4 by the previous paragraph. If m = 2, then ﬂ(G)  ﬂ(H) + ﬂ(Z2)  4 and
dl(G)  dl(H) + dl(Z2) = 5. If m = 3, then ﬂ(G)  ﬂ(H) + ﬂ(S3) = 5 and dl(G)  dl(H) + dl(S3) = 6.
Clearly S3 has a 2-group as the top Fitting factor.
We thus assume V is primitive and G is not semi-linear.
When r = 3, Theorem 1.1 of [1] shows that 2  n  4 and so ﬂ(G)  4 and dl(G)  6 by Lem-
ma 2.4(4), (1) and (5) respectively.
When r = 4, Theorem 1.1 of [1] shows that 2  n  4 or G is a solvable subgroup of GL(6,3) or
GL(10,3). Suppose 2 n 4 then ﬂ(G) 4 and dl(G) 6 by Lemma 2.4(4), (1) and (5) respectively.
Suppose that G is a solvable subgroup of GL(6,3) and V is an irreducible G-module, ﬂ(G) 4 and
dl(G) 6 by Lemma 2.4(7).
Suppose that G is a solvable subgroup of GL(10,3), r(G)  4 and V is a primitive G-module, by
the last paragraph of [1] we know that G ∼= HT ⊗ HX , where |HT | = 24 and HT has Q 8 as a normal
subgroup, |HX | = 5 · 112. Thus ﬂ(HT )  2 and ﬂ(HX )  2 and ﬂ(G)  2. dl(HT )  3 and dl(HX )  2
and dl(G) 3. 
Lemma 2.6. Suppose that H is solvable, V is a faithful irreducible H-module and r(H)  4. Let G = H 
 S4
then ﬂ(G) 7.
Proof. Suppose ﬂ(H) 4, then ﬂ(G) ﬂ(H)+ﬂ(S4) 7. Thus by Lemma 2.5 we can assume ﬂ(H) = 5
and r(H) = 4. By Lemma 2.5 again H has a 2-group as the top Fitting factor and clearly S4 has a 2-
group as the bottom Fitting factor, thus ﬂ(G) 7 by Lemma 2.2. 
Lemma 2.7. Suppose that the solvable group G acts faithfully and quasi-primitively on a ﬁnite vector space V ,
using the notation in Lemma 2.3. If |G| < |V |1/4 and e  4 then G will have at least 5 regular orbits on V .
Proof. It is shown in Proposition 4.10 of [4] that the number of elements of V ﬁxed by some non-
identity element of G is at most (|G| − 1)|V |3/4 and since |G| < |V |1/4 the number is at most |V | −
|V |3/4. Thus the number of regular G-orbits is at least |V |3/4/|G| > |V |3/4/|V |1/4 = |V |1/2. Since we
have e  4 and e | dim(V ) and thus |V |1/2  24/2 = 4, then certainly there are at least 5 regular
G-orbits on V . 
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using the notation in Lemma 2.3, if e  4 and the inequality e26  24 · |W |e−8 is satisﬁed, then G will have at
least 5 regular orbits on V .
Proof. It is shown in Proposition 4.10 of [4] if |G| |V |1/4, then we will have that e26 > 24 · |W |e−8,
thus if this condition is not satisﬁed then |G| < |V |1/4 and by Lemma 2.7, G will have at least 5
regular orbits on V . 
3. Main theorem
Theorem 3.1. Let V be a faithful irreducible quasi-primitive G −module for a ﬁnite solvable group G, then G
has at least 5 regular orbits on V or dl(G) 9 and ﬂ(G) 7.
Proof. Assume G does not have 5 regular orbits on V , we will show that ﬂ(G) 7 and dl(G) 9.
Since V is a faithful quasi-primitive module for the solvable group G , we apply Lemma 2.3 to
conclude G has normal subgroups U ⊆ T ⊆ F ⊆ A ⊆ G such that,
(1) F = F(G) is a central product F = ET with E, T  G . E is a direct product of extraspecial groups
with |E/Z | = e2 where Z = E ∩ T = Z(E) = Soc(Z(F )) and also dl(F ) 2;
(2) F/T = E/Z is a direct sum of irreducible G/F -modules W1, . . . ,Ws;
(3) |Wi | = e2i for prime power ei , e = e1 . . . es divides n and gcd(q, e) = 1;
(4) A = CG(Z), A/F acts faithfully on F/T , G/A is abelian since G/A ⊆ Aut(Z);
(5) A/CA(Ei/Z) ⊆ Sp(2ni, pi) where ei = pnii ;
(6) |T : U |  2, U is cyclic and acts ﬁxed point freely on W where W is an irreducible submodule
of VU .
Assume that e > 118. In the last paragraph of Proposition 4.10 of [4], it is shown that |G| < |V |1/4
whenever e > 118. Then certainly there are at least 5 regular G-orbits on V by Lemma 2.7, a contra-
diction.
Thus e  118 and each ei  118. Set ei = pnii , where pi is a prime. We now argue that ﬂ(G)  7.
Assume ni  3, this tells us dim(Wi) = 2,4,6, then by Lemma 2.4(4), (5) and (3) respectively,
ﬂ(G/CG (Wi)) 5. Now for ni  4, the only cases left are ei = 24, 25, 26 or 34, thus |Wi | = 28, 210, 212
or 38 and ﬂ(G/CG (Wi)) 5 by Lemma 2.4(8), (3), (11) and (9) respectively. Since A/F acts faithfully
on F/T ,
ﬂ(A/F ) ﬂ
(
G/CG (F/T )
)
max
(
ﬂ
(
G/CG(Wi)
))
 5
and it follows that ﬂ(G) 5+ ﬂ(F ) + ﬂ(G/A) 7.
We now argue that dl(G) 9. Assume it is false and we have that dl(G) 10. Assume ni  2, this
tells us dim(Wi) = 2,4, then by Lemma 2.4(4), (5) respectively, dl(G/CG (Wi))  5. Now for ni  3,
the only cases left are ei = 23, 24, 25, 26, 33 or 34, thus |Wi | = 26, 28, 210, 212, 36 or 38. If |Wi | = 26,
28, 210 or 36, then dl(G/CG (Wi))  6 by Lemma 2.4(6), (8), (10) and (7) respectively. Assume all
the ei are from the previous cases, then dl(A/F )  dl(G/CG (F/T ))  max(dl(G/CG (Wi)))  6 and
dl(G) dl(F )+dl(A/F )+dl(G/A) 2+6+1 = 9, a contradiction. Thus ei = 26 or ei = 34 for some i.
If ei = 26 for some i, i.e. |Wi | = 212 for some i, then e = ei = e1 since otherwise e > 118. Suppose
p is an odd prime and p | |T |. Then |U | 6 and |W | 7. Examine the inequality e26  24 · |W |e−8. It
is satisﬁed for all (e, |W |) such that e > 62 and |W | 7 by direct calculation, and thus G will have at
least 5 regular orbits by Lemma 2.8, a contradiction. Thus, 2 is the only factor of |T | and Z ∼= Z2, thus
G/A = Aut(Z2) = 1 and dl(G) 2+ dl(G/CG (W1)) 2+ 7 = 9 by Lemma 2.4(11), a contradiction.
If ei = 34 for some i, i.e. |Wi | = 38 for some i, then e = ei = e1 since otherwise e > 118. Thus
|E/Z | = 38. Also we have that |T | = |U | = 3 since otherwise |U |  6 and |W |  7. Examine the
inequality e26  24 · |W |e−8. It is satisﬁed for all (e, |W |) such that e > 62 and |W |  7 by di-
rect calculation, and thus G will have at least 5 regular orbits by Lemma 2.8, a contradiction. Thus
|T | = |U | = |Z | = 3, |F | = |E| = 39 and |G/A| |Aut(Z3)| = 2.
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A/F is a faithful completely reducible solvable group on V ∗ where |V ∗| = 38 and also A/F ⊆ Sp(8,3).
Assume A/F is reducible then by Lemma 2.4(4), (5), (7), dl(A/F ) 6, a contradiction. Thus we know
A/F is irreducible and by Lemma 2.4(9) we have |A/F | 245 and |G| |F | · |A/F | · |G/A| 39 ·245 ·2.
|W |  4 since |U | = 3 and thus |V |  |W |81  481. Now |G|  39 · 245 · 2 < 420 < |V |1/4 and G will
have at least 5 regular orbits on V by Lemma 2.7, ﬁnal contradiction. 
Proposition 3.2. Suppose that H is a linear group on V1 and S is a solvable primitive permutation group
on Ω , with |Ω| =m. Then V = V1 + V2 + · · · + Vm is an H 
 S-module where V i are copies of V1 . Let G be
isomorphic to a subgroup of H 
 S.
(1) Suppose H has at least 2 orbits on V1 such that CH (v1) ⊆ L, L  H. If also m > 9 then G has at least 5
orbits on V such that CG(v) ⊆ K = (L × L × · · · × L) ∩ G.
(2) Suppose H has at least 3 orbits on V1 such that CH (v1) ⊆ L, L  H. If also m > 4, then G has at least 5
orbits on V such that CG(v) ⊆ K = (L × L × · · · × L) ∩ G.
(3) Suppose H has at least 5 orbits on V1 such that CH (v1) ⊆ L, L  H. Then G has at least 5 orbits on V such
that CG(v) ⊆ K = (L × L × · · · × L) ∩ G.
Proof. G is isomorphic to a subgroup of H 
 S and S is a solvable primitive permutation group on Ω .
Let H have at least s orbits of elements in V1 whose centralizer in H is in L where L  H .
Suppose the Ω can be partitioned into a disjoint union of non-empty subsets Δ1, . . . ,Δ j and
2 j  s such that StabS (Δ1)∩ · · · ∩ StabS(Δ j) = 1. Such a partition is called “trivially centralized” in
[6]. We construct the v we need in the following way. If v = (v1, . . . , vm) in V is such that va and
vb are not H-conjugate when a and b belong to distinct Δi ’s, then CG(v) ⊆ (H × H × · · · × H) ∩ G .
Conversely v = (v1, . . . , vm) in V determines a partition of Ω: va and vb are in the same subset
of Ω if and only if va and vb are H-conjugate. Then we know CG(v) ⊆ (H × H × · · · × H) ∩ G if
and only if the partition determined by v is trivially centralized by S . The method developed by [6]
to count regular orbits of G on V also applies to counting the orbits of V whose centralizer is in
(L × L × · · · × L) ∩ G in terms of the number of H-orbits of x in V1 such that CH (x) ⊆ L and the
number of trivially centralized partitions of S on Ω . In particular, if H has s orbits x with CH (x) ⊆ L,
the number of G-orbits v with CG(v) in (L × L × · · · × L) ∩ G is
1
|S|
∑
P (s, j)F ( j, S)
where F ( j, S) is the number of trivially centralized partitions of length j for S and P (s, j) = s!/(s− j)!
for j  s and P (s, j) = 0 otherwise. In particular, Corollary 3.2 of [6] applies and note that part b as
stated there is not as strong as the proof indicates, rather if m > 9, then G has at least 4s(s − 1)
regular orbits. For our situation, we see from parts (i), (ii) and (iii) that corollary shows:
(1) If s > 4, then G has at least s orbits in (L × L × · · · × L) ∩ G .
(2) If m > 9, then G has at least 4s(s − 1) orbits in (L × L × · · · × L) ∩ G .
(3) If m > 4 and s 3, then G has at least 2s orbits in (L × L × · · · × L) ∩ G .
The result follows. 
Theorem 3.3. Let V be a faithful irreducible G-module for a ﬁnite solvable group G, then there exists K a
normal subgroup of G with the property that dl(K ) 9 and ﬂ(K ) 7 and G has at least 2 orbits of elements
x ∈ V with CG(x) ⊆ K . Furthermore, if G has less than 5 orbits of elements x ∈ V with CG(x) ⊆ K , then G has
less than 5 orbits on V .
Proof. First assume V is a faithful quasi-primitive G-module. If G has at least 5 regular orbits on V
then we choose K = 1. Hence, assume G does not have 5 regular orbits on V . Then by Theorem 3.1
we have dl(G) 9 and ﬂ(G) 7 and we may choose K = G .
Y. Yang / Journal of Algebra 321 (2009) 2012–2021 2019Now we assume that V is not quasi-primitive, and there exists N normal in G such that VN =
V1 ⊕ · · · ⊕ Vm for m > 1 homogeneous components Vi of VN . By choosing N maximal such, then
S = G/N primitively permutes the Vi . Also V = V G1 , induced from NG(V1). If H = NG(V1)/CG(V1),
then H acts faithfully and irreducibly on V1 and G is isomorphic to a subgroup of H 
 S . If x1 ∈ V1
and C1 is the H-conjugacy classes of x1, then the only G-conjugates of x1 in V1 are the elements
of C1. The set of G-conjugates of x1 is C1 ∪ · · · ∪ Cm where Ci ⊂ Vi is a G-conjugate of C1. Choose
y1 ∈ V1 in an H-conjugate class different than that of x1. Also choose xi and yi in Vi conjugate
to x1 and y1 (respectively) for all i. Then no xi is ever G-conjugate to a y j . In particular, if g ∈ G
centralizes v = x1 +· · ·+ x j + y j+1 +· · ·+ ym , then g and Ng must stabilize the sets {V1, . . . , V j} and
{V j+1, . . . , Vm}.
Now S is a solvable primitive permutation group on Ω = {V1, . . . , Vm}.
G is isomorphic to a subgroup of H 
 S . By induction either there is L  H and dl(L) 9, ﬂ(L) 7
such that H will have at least 5 orbits of elements in V1 whose centralizers are in L or H has less
than 5 orbits on V1. If H has at least 5 orbits of elements in V1 whose centralizers are in L, by
Proposition 3.2(3), G has at least 5 orbits on V such that CG(x) ⊆ (L × L × · · · × L) ∩ G . In this case
we set K = (L × L × · · · × L) ∩ G .
Thus, we can assume that H has less than 5 orbits on V1. Thus ﬂ(H) 5, dl(H) 6 by Lemma 2.5.
Clearly r(H) 2 is always true.
If m > 9, by Proposition 3.2(1), G has at least 5 orbits on V such that CG(x) ⊆ (H×H×· · ·×H)∩G .
In this case we set K = (H × H × · · · × H) ∩ G .
Thus we can assume m 9 and H has less than 5 orbits on V1.
Suppose r(H) = 2. Then ﬂ(H)  3, dl(H)  4 by Lemma 2.5. Since m  9, ﬂ(S)  4 and dl(S)  5
by Lemma 2.1 and Lemma 2.4(2), (4). Thus ﬂ(G) 7 and dl(G) 9. In this case we may set K = G .
Now we have r(H) 3 and if m > 5, by Proposition 3.2(2), G has at least 5 orbits on V such that
CG(x) ⊆ (H × H × · · · × H) ∩ G . In this case we may set K = (H × H × · · · × H) ∩ G .
Now the cases left are:
• r(H) = 3, m = 2,3,4,5. ﬂ(H)  4, dl(H)  6 by Lemma 2.5. Since m = 2,3,4,5, ﬂ(S)  3,
dl(S) 3. Thus ﬂ(G) 7 and dl(G) 9. In this case we may set K = G .
• r(H) = 4, m = 2,3,4,5. ﬂ(H) 5 and dl(H) 6 by Lemma 2.5. While m = 2,3,5, m is a prime,
ﬂ(S)  2 and dl(S)  2. Thus ﬂ(G)  7 and dl(G)  9 and in these cases we may set K = G .
While m = 4, ﬂ(G) 7 by Lemma 2.6, dl(G) 9 by Lemma 2.5 and in this case we may also set
K = G . 
Theorem 3.4. If V is a ﬁnite completely reducible faithful G-module (possibly of mixed characteristic) for a
solvable group G, then there exists v ∈ V and K  G such that CG(v) ⊆ K , dl(K ) 9 and ﬂ(K ) 7.
Proof. We use induction on dim(V ). By Theorem 3.3, we may assume V is not irreducible, i.e., we
can write V = V1 ⊕ V2 for completely reducible modules V1 and V2. Let Ci = CG(Vi). Then G is
isomorphic to a subgroup of G/C1 ×G/C2. By inductive hypothesis, we may choose xi and Ki  (G/Ci)
such that CG/Ci (xi) ⊆ Ki , ﬂ(Ki) 7 and dl(Ki) 9. Set x = x1 + x2, then CG(x) ⊆ (K1 × K2)∩G . Denote
K = (K1 × K2) ∩ G , clearly K  G , ﬂ(K ) 7 and dl(K ) 9. 
As consequences of Theorem 3.4, we have the following theorems.
Theorem 3.5. If V is a ﬁnite completely reducible faithful G-module (possibly of mixed characteristic) for a
ﬁnite solvable group G, then there exists v ∈ V such that CG(v) ⊆ F7(G).
Theorem 3.6. If V is a ﬁnite completely reducible faithful G-module (possibly of mixed characteristic) for a
ﬁnite solvable group G, then there exists v ∈ V such that dl(〈CG(v)G 〉) 9.
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One might want to know whether the result of Theorem 3.5 or Theorem 3.6 can be improved.
Here we provide a counterexample showing that both theorems are the best possible. We prove that
there exists a ﬁnite solvable group G , and V a faithful irreducible G module such that for every v ∈ V
we have CG(x)  F6(G) and dl(〈CG(x)G 〉) 9.
In order to estimate ﬂ(〈CG(x)G 〉) and dl(〈CG(x)G 〉) we need the following lemma.
Lemma 4.1. Suppose H is a solvable linear group on V1 and V = V1 + V2 + V3 + V4 is an H 
 S4 module
where V i are copies of V1 . Consider x = x1 + x2 + x3 + x4 where xi is an element in V i . If x1 and x2 are S4
conjugate then dl(〈CG (x)G〉) dl(H) + 2 and ﬂ(〈CG (x)G 〉) ﬂ(H).
Proof. G = (H × H × H × H) S4. Since x1 and x2 are S4 conjugate, we have σ ∈ D = 〈CG(x)G 〉 where
σ = (1,2)(3)(4) ∈ S4. Since S4 = 〈σ S4 〉, S4 ⊆ D . Now (h−1,h,1,1) = (h−1,1,1,1)σ (h,1,1,1)σ ∈ D .
Thus (h−1,h,1,1) ∈ D for any h ∈ H . Pick α ∈ S4 and α = (2,3)(1,4), then α ∈ (S4)′′ ⊆ D ′′ .
(h,h−1,1,1)α−1(h−1,h,1,1)α = (h,h−1,h,h−1) ∈ D ′′ . Thus π1(D ′′ ∩ (H × H × H × H)) = H (π1 is
the projection of D ′′ ∩ (H × H × H × H) on the ﬁrst coordinate of H × H × H × H) and thus
dl(D) dl(H) + 2. Also ﬂ(〈CG (x)G 〉) ﬂ(H). 
The construction of the counterexample is as follows. First, we can ﬁnd an irreducible solvable
linear group on V with r(H) = 2 and ﬂ(H) = 3. One example for this is when V is a vector space
of dimension 4 over F3, F(H) is extra-special of order 25, |F2(H)/F(H)| = 5 and H/F2(H) = Z4. This
concrete example does exist due to Bucht (XII 7.4 of [2]). Now we consider K = H 
 S3 acts on U =
V + V + V , clearly r(K ) = 4 and ﬂ(K ) = 5. Consider L = K 
 S4 acts on W = U + U + U + U and
ﬂ(L) = 7. Consider G = L 
 S4 acts on Z = W + W + W + W and ﬂ(G) = 9.
Clearly dl(H)  4 by the construction. Now H/F(H) has order 20 and is a Frobenius group,
thus (H/F(H))′ has order 5. Since (H/F(H))′ = H ′F(H)/F(H), 5 | |H ′|. Let P ∈ Syl5(H), then P ⊆ H ′ .
F(H)/F(H)′ is an elementary abelian group of order 24 and thus P acts faithfully on F(H)/F(H)′ . Also
P acts irreducibly on F(H)/F(H)′ . Therefore [P ,F(H)/F(H)′] = F(H)/F(H)′ . So [P ,F(H)]F(H)′ = F(H).
But F(H)′ = Φ(F(H)) so [P ,F(H)] = F(H). Now F(H) = [P ,F(H)] ⊆ H ′ and so F(H) ⊆ H ′′ . But F(H) is
non-abelian, so 1 = F(H)′ ⊆ H ′′′ , thus dl(H) 4. Finally we have that dl(H) = 4.
Pick v ∈ V , v = 0. H has two orbits on V , {0} and V #, thus the 4 orbits of K = H 
 S3 on
U have representatives {(0,0,0), (0,0, v), (0, v, v), (v, v, v)}. We denote them by x1, x2, x3 and x4
respectively. Since (H,1,1) ⊂ 〈CK (xi)K 〉 and also S3 ⊂ 〈CK (xi)K 〉 for i = 1,2 or 3, we have that
〈CK (x1)K 〉 = 〈CK (x2)K 〉 = 〈CK (x3)K 〉 = K .
Now, consider the action of L = K 
 S4 on W . K has 4 orbits. Assume some of the orbits appear
twice then S4 ⊂ 〈CL(x)L〉 and if also x1, x2 or x3 appears, then (K ,1,1,1) ⊂ 〈CL(x)L〉 and thus ∏ K ⊂
〈CL(x)L〉. In these cases 〈CL(x)L〉 = L and dl(L) = 9 by Proposition 3.10 of [4]. The only orbits that have
not discussed are x1 + x2 + x3 + x4 and x4 + x4 + x4 + x4. We call them exceptional orbits.
Now consider the action of L 
 S4 on Z . Assume some of the orbits of L appear twice then S4 ⊂
〈CG(x)G 〉 and then dl(〈CG(x)G 〉) 9+ 2 = 11 and ﬂ(〈CG (x)G〉) 7 by Lemma 4.1. Assume none of the
orbits of L appear twice then some of the non-exceptional orbit will appear and thus dl(〈CG(x)G 〉) 9
and ﬂ(〈CG (x)G 〉) 7.
5. Applications
Here are some applications of Theorem 3.1. The next theorem strengthens Theorem A of [5] by
replacing F10(G) by F8(G).
Theorem 5.1. If G is solvable, there exists a product θ = χ1 . . . χt of distinct irreducible characters χi of G such
that |G : F(G)| divides θ(1) and t  19. Furthermore, if |F8(G)| is odd then we can take t  3 and if |G| is odd
we can take t  2.
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The next theorem strengthens Theorem C of [5] by replacing F10(G) by F8(G).
Theorem 5.2. If G is solvable, there existsμ ∈ Irr(F8(G)) such thatμG = χ ∈ Irr(G). In particular, |G : F8(G)|
divides χ(1).
Proof. Follow the proof of Theorem C of [5] but use our Theorem 3.5. 
The next theorem strengthens Theorem C′ of [5] by replacing F10(G) by F8(G).
Theorem 5.3. If G is solvable, then |G : F8(G)| divides the size of some of the conjugacy class of G.
Proof. Follow the proof of Theorem C′ of [5] but use our Theorem 3.5. 
The next corollary strengthens Corollary 2.1 of [5] by replacing F10(G) by F8(G).
Corollary 5.4. If F8(G) is odd, then there are three irreducible characters χ1 , χ2 and χ3 of G such that every
element of G − F(G) is a zero of χ1 , χ2 or χ3 and |G : F(G)| divides χ1(1)χ2(1)χ3(1).
Proof. Follow the proof of Corollary 2.1 of [5] but use our Theorem 3.5. 
The next corollary strengthens Corollary 2.3 of [5] by replacing 9 by 7.
Corollary 5.5. Assume G is a ﬁnite solvable group and that the Sylow 2-subgroups of Fi+1(G)/Fi(G) are
abelian for i = 1, . . . ,7. Then a non-vanishing element of G belongs to F(G).
Proof. Follow the proof of Corollary 2.3 of [5] but use our Theorem 5.2. 
The next corollary strengthens Corollary 5.1 of [5] by replacing p10 by p8.
Corollary 5.6. Suppose G is solvable and that p2 does not divide χ(1) for all χ ∈ Irr(G). Then
|G : F(G)|p  p8 .
Proof. Follow the proof of Corollary 5.1 of [5] but use our Theorem 5.2. 
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